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Rotor Free-Wake Modeling Using a Pseudoimplicit
Relaxation Algorithm

Ashish Bagai* and J. Gordon Leishmant
University of Maryland, College Park, Maryland 20742

A pseudoimplicit predictor-cor rector relaxation algorithm with five-point central differencing in space has
been developed for the solution of the governing differential equations of the helicopter rotor free-wake problem.
This new approach is compared and contrasted with more conventional explicit-type free-wake algorithms. A
convergence analysis shows that the new algorithm provides for much more rapid convergence characteristics
compared to explicit methods, with improvements in numerical efficiency and predictive accuracy.

Nomenclature
be = spatial boundary condition vector
CT = rotor thrust coefficient, Tlp7rR2([lR)2

c = blade chord, m
E — shift operator
i,/, k = unit vectors in the x, y, and z directions,

respectively
L = spatial discretization operator
/ = length of discretized vortex element, m
Nh = number of blades
N.t. = number of vortex filaments
P = iteration scheme operator
R = rotor radius, m
r(. = vortex core radius, m
r, = spanwise location from which vortex filaments

are trailed, m
r = position vector of a point on a vortex

filament, m
S = source vector
T = rotor thrust, N
/ = time, s
V.,_ — freestream velocity, m/s
V = time invariant flowfield velocity, m/s
Vind = induced velocity, m/s
Vloc = local velocity at a point in space, m/s
VH = tangential velocity, m/s

Cartesian coordinate system, origin at hub
center
rotor shaft angle (negative forward), deg

)3() = blade coning angle, deg
r = circulation, m2/s
Ar" = nth iteration position-vector correction
f = distance along trailed wake filament (wake age),

rad
A.- = uniform-induced inflow ratio
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IJL = rotor advance ratio, VJtlR
v = kinematic viscosity of air, m2/s
\\f — azimuth angle, rad
\\fb = blade azimuth angle, rad
fl = rotational frequency of rotor, rad/s

Introduction

T HE improved modeling of a helicopter rotor flowfield
remains fundamental to enhanced predictions of rotor

loads, aircraft performance, and rotor acoustics. It has been
documented experimentally that a helicopter rotor wake is
dominated by strong tip vortices that quickly form and roll-
up behind each blade.12 The tip vortex strengths and positions
relative to the rotor affect the induced velocity field and are
known to be influenced by many interrelated geometric pa-
rameters (such as blade twist, planform, and number of blades)
and operational conditions (such as rotor thrust, advance ra-
tio, climb velocity, and tip path plane angle of attack). The
presence of other rotors (such as a tail rotor or another main
rotor), as well as rotor/airframe interference effects, further
increase the overall physical complexity of the problem. Since
the tip vortices are convected only relatively slowly away from
the rotor, large spatial variations in induced velocity can be
produced at each rotor blade. When coupled with velocity
components due to rotor rotational and forward-flight trans-
lation, the resulting blade angle-of-attack variations give rise
to highly three-dimensional, time-varying loads on each blade.
The temporal variations in local blade loading may also result
in impulsive noise generation from the rotor. Clearly, the
ability to predict the performance and aeroacoustics of the
entire vehicle is strongly dependent on the ability to accurately
predict the highly interactive dynamics of the rotor wake.

The mathematical modeling of the helicopter rotor wake
problem at any realistic level of sophistication is, unfortu-
nately, a problem of formidable complexity. Modern com-
prehensive rotor codes typically include sophisticated struc-
tural and dynamic models of the rotor system, and there is a
pressing need to invoke aerodynamic models with a compa-
rable level of sophistication to ensure a fully coupled and
physically realistic solution. Unfortunately, there are still sev-
eral fundamental as well as practical issues that preclude the
use of elaborate aerodynamic models of the rotor blades and
its wake system. While considerable effort has already been
invested in understanding and modeling the rotor wake prob-
lem, computationally efficient and properly validated rotor
wake models do not yet exist. Furthermore, many models in
current use exhibit numerical problems that seriously limit
their application to many conditions of practical significance.

Rotor wake models range from fairly routine "prescribed"
or semiempirical models, to more sophisticated "free" wake
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models. References 3-6 describe typical prescribed wake
models, where the rotor tip vortex trajectories are described
by functional modifications to the classical or "rigid" cycloidal
wake. Distortion functions are specified in terms of rotor
geometric and operational factors with the aid of wake ge-
ometry measurements from small-scale isolated rotors.7-8 The
induced velocity field from the rotor wake is then calculated
by the application of the Biot-Savart law integrated along
the prescribed trajectory of each tip vortex filament. Although
computationally efficient and of considerable use in routine
rotor design work, prescribed wake models do not fully cap-
ture the physical nature of the wake. Furthermore, since these
models are constructed based on a limited number of small-
scale rotor experiments, their applicability to more general
rotors or complete helicopter configurations is questionable.
On the other hand, free-wake models solve for the rotor wake
geometry directly, and in principle, do not require experi-
mentally obtained wake geometry data for formulation pur-
poses. However, since the positions of the individual wake
filaments now become part of the solution process, free-wake
models are obviously much more computationally intensive.
Pioneering work on the free-wake solution methodology was
performed about 20 years ago using an iterative scheme by
Clark and Leiper9 and a time-marching scheme by Land-
grebe,10 and many variations and developments of the basic
approach have subsequently followed.H~16

In essence, the numerical solution to the free-wake problem
can be described by the integration of a system of ordinary
differential equations (ODEs) that are obtained by the spatial
discretization of the partial differential equations (PDEs) that
govern the wake problem. A series of collocation points are
specified on the trailed vortex filaments generated by each
blade and these points are continuously convected through
the flowfield at the local velocity. The local velocity at each
collocation point is calculated by the application of the Biot-
Savart law to every vortex collocation point. The solution
then proceeds either in a time-marching sense or iteratively
in a relaxation scheme. While free-wake models may be con-
sidered to more faithfully represent the physics of the rotor
flowfield than prescribed wakes, their practical usefulness has
been beset by large computational requirements as well as
various numerical issues. These numerical problems include
susceptibility to instabilities and sensitivity to time (azimuth)
discretization. These are particular problems for hover and
low-speed forward flight, where the close mutual interaction
of the tip vortex filaments results in high local induced ve-
locities, and often large nonphysical perturbations to the wake
can be produced. Several studies have focused on this prob-
lem, and have found that some wake instabilities in time-
marching free-wake schemes can be avoided by using nu-
merical damping, such as artificially large-tip vortex core radii
and/or an averaging/smoothing scheme.11 12 This implies that
the lack of convergence exhibited by some free-wake methods
is more numerical rather than physical. However, physical
instabilities on helical vortex filaments such as those found
from rotors are also known to exist.17

In this article, we examine a new approach to the prediction
of the wake geometry generated by helicopter rotors oper-
ating in hover or forward (edgewise) flight. The approach
uses five-point spatial discretization of the governing equa-
tions and the wake is allowed to relax iteratively using a
pseudoimplicit predictor-corrector method. The explicit-type
free-wake modules used in many modern rotor analyses18-19

are known to exhibit several numerical problems such as in-
stabilities and/or poor convergence. The need to fully resolve
these issues has partly motivated the current work. Also, there
was a need to formulate models that were physically more
accurate and numerically more robust to handle problems in
multirotor aerodynamics, acoustics, and rotor/airframe inter-
action studies. The emphasis in this article is mostly on nu-
merical details of the new algorithm.

Methodology
Background

Depending upon the solution approach, free-wake models
can be divided into two general types of methodologies: 1)
time-stepping and 2) relaxation schemes. Furthermore, dif-
ferent integration schemes can be used within each approach,
i.e., explicit, implicit, or hybrid schemes. In the most basic
free-wake methodology, an explicit algorithm is used to ex-
trapolate the wake geometry to the next time step in the time
domain. Explicit-type algorithms are used in several well-
known comprehensive rotor codes; however, one of the well-
known problems of explicit schemes is their susceptibility to
numerical instabilities.20 Small time steps can be used to min-
imize this problem, but most rotor codes require the discre-
tization of the wake into fairly large segments (usually 15—
30-deg blade azimuth segments per rotor revolution) to keep
the computational effort for the aerodynamics within practical
limits. At such coarse levels of discretization, the fidelity of
the velocity field calculation can be compromised, and the
corresponding wake dynamics can be accompanied by large
truncation errors and poor overall convergence characteris-
tics.

One solution to these numerical problems is to implement
improved integration schemes. Several such implementations
are possible, but usually at the expense of significantly in-
creasing the overall computational expense, often making many
approaches impractical for routine use in comprehensive rotor
analyses. Miller and Bliss16 showed that by bypassing the time
domain and enforcing periodicity in the azimuthal direction,
as well as by using a semi-implicit formulation for the wake
solution, many of the numerical problems that are charac-
teristic of explicit free-wake models could be avoided. How-
ever, implicit schemes require the inversion of large matrices
per iteration/time step, making them computationally very
expensive for use in comprehensive rotor codes.

More recently, Grouse and Leishman21 showed that a hy-
brid predictor-corrector free-wake method with spatial av-
eraging can be used to stabilize the numerical computation.
Because of improved convergence relative to single-step
schemes, the overall computational expense can be reduced.
Such an approach draws a good compromise between mini-
mizing numerical errors and helping to maximize computa-
tional efficiency. While fairly good convergence characteris-
tics were obtained in hover and low-speed forward flight,
some artificial damping between successive velocity field up-
dates was required, even at higher speed forward-flight con-
ditions.

Free-Wake Equations
Physically, it is known that each rotor blade trails a con-

centrated vortex from the vicinity of the blade tip. The for-
mation of the tip vortex is known to be a physically complex
process involving flow separation, yet it is known that rotors
develop single concentrated vortices almost immediately be-
hind the blade tip (at least with blades that have conventional
tip shapes). The strength and radial location of this vortex at
any given azimuth position is determined by the magnitude
of the blade life and spanwise lift distribution.

In the present analysis, the rotor wake system is decom-
posed into two main parts. The first is a near-wake model of
trailed and shed vorticity behind each blade. The second is a
far wake comprising the rolled-up tip vortices from the blades.
The numerical treatment of the near wake is a separate but
related problem, and can be based on several models ranging
from a simple lifting line to more advanced computational
fluid dynamics (CFD) models. The near-wake model defines
the initial strengths and locations of the rolled-up blade-tip
vortices and defines a boundary condition for the free-wake
problem. In the present work, the initial tip vortex strength
and release position was computed based on Rossow's cen-
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troid of vorticity approach.22 This then forms a boundary
condition to the free-wake problem. Thereafter, it is assumed
that the individual vortex filaments in the flowfield are con-
vected to force-free positions at the local flow velocity.

As described in Ref. 23, the PDE governing the geometry
of a free-tip vortex in the rotor wake can be written as

0 ' Q = I * vIK •
(1)

where the V-md term on the right-hand side (RHS) collectively
represents the velocities induced by the lifting blades and all
the free vortices in the wake. In addition, there may be other
contributions to the velocity field from the airframe or another
rotor, such as a tail rotor. In the present article, we will
concentrate on the free vortices in the rotor wake, as gen-
erated by a single main rotor. The induced velocity from the
free vortices can be computed by using the well-known Biot-
Savart law where

, 0,

J_ f r(
477 J

, S)]

. Q dfc x
(2)

and where r(i/r, £) is the point in the flowfield influenced by
the ith vortex at location r(t/>,, £) and of strength (circulation)
F(j/f,., £). These induced velocities produce the highly nonlin-
ear space and time-dependent forcing functions or source terms
that describe the physical nature of the problem.

Discretization of Wake Equations
Any numerical scheme used to integrate the governing

equations of the wake requires that the physical domain be
discretized into a finite computational domain. Care must be
taken during the discretization process, however, to retain
the physical structure of the problem. The tip vortices in the
free-wake are subdivided into smaller straight-line segments.
Note that in a discretized sense there is one equation such as
Eq. (1) for every point in the wake. Clearly, the number of
segments determines the wake resolution, but also increases
the magnitude of the numerical problem. The discretized
physical domain for one rotor blade is shown in Fig. 1. For

(5,1)

Gmax.2)

Discretized tip
vortex filaments

Collocation points

(5,6)* (5,5)'

Fig. 1 Discretized physical domain for free-wake problem.

(1,1), Vortex filaments
(jmax+1,1) attached to blades (imax>1)

-Enforcement of periodicity————

Fig. 2 Discretized computational domain for free-wake problem.

the solution of the wake equations, Eq. (1) must first be
transformed into a finite difference equation. In the present
work, a five-point central difference approximation is used,
where the partial derivatives on the left-hand side are eval-
uated at the central point (y - i, k - 4) about points (y, A:),
(y, k - 1), (y - 1, *), and (y - 1, k - 1). The velocity or
source terms on the RHS are also evaluated at the central
point using an average of the velocity at its four neighboring
points. The computational domain for this finite difference
scheme is shown in Fig. 2.

A relaxation approach that bypasses the time domain has
been adopted in the present work. This introduces an iteration
index, denoted by n, into the discretized PDEs. A single-step,
fully explicit FDE can be written in the following point op-
erator form:

i[i4 £,

(3)

Note that in the previous scheme, the solution at the current
iteration is obtained by extrapolating the solution from the
previous iteration over a finite "time" increment Ai/> by means
of a single backward finite difference step, i.e., r"k =
/(T.U-i, T.U, 17-.) and Vind = gCr^-,, r'/~^ rfrlj.
Although this may be one of the simplest methods to imple-
ment, it is only first-order accurate and the accumulation of
discretization errors over a number of iterations often result
in the method becoming numerically unstable. Therefore, such
methods often require the inclusion of some form of numerical
damping to prevent instabilities from developing.

Various improvements in the accuracy and stability of ex-
plicit schemes may be made by using a predictor-corrector
methodology, and often without the need for numerical damp-
ing. In this approach, the predicted solution at the nth iter-
ation using an explicit step [such as Eq. (3)] is corrected by
averaging the induced velocity from the previous (n - l)th
iteration with the predicted induced velocities from the cur-
rent nth iteration predictor step. The enhanced stability and
increased convergence rates of such schemes normally out-
weigh the additional computational expense of performing
two induced velocity calculations per iteration compared to



BAGAI AND LEISHMAN 1279

the single-step explicit method. In point operator notation,
the corrector equation can be written as

(4)

where the velocity terms on the RHS of the previous equation
are given by

Vind(f ;_,.,_ ,,17.,)]

(5)

The position vectors r " . . . . . are predicted values returned by
the explicit predictor step given by Eq. (3).

A further improvement in the predictor- corrector scheme
can be made by realizing that the collocation point position
vectors on the RHS of Eqs. (3) and (4) are for locations (;'
- \,k -!),(/,/; - 1), and (j - l,k). Since all these points
have already been calculated at the current iteration, the vec-
tors r ' / ~ l \ k _ l , and r"i^k on the RHS of Eqs. (3) and
(4) can be replaced by vectors rn

j_^k_l, r^_1, and
respectively. This results in a pseudoimplicit scheme for both
the predictor and corrector steps, which can be written as
follows:

Predictor

Vind(r;--,U,r;7') +

1 = 1

Corrector

(6)

where the induced velocity vectors V ind(• • •, • • • ) , are defined
in Eq. (5). Note, however, that the source terms [which are
comprised of the induced velocities on the RHS of Eq. (7)]
are still treated explicitly, in that the final values for the in-
duced velocities are computed using averages of the previous
iteration values and the predicted values from the current
iteration.

Such predictor-corrector methods have a truncation error
per step of order Ai/>3 and better stability characteristics than
single-step methods alone. Also, they require considerably
less computation than implicit or semi-implicit schemes. Re-
call, however, that the predictor-corrector scheme requires
two velocity field calculations per time step compared to the
explicit method.

Boundary Conditions
Since the PDE governing the free-wake problem is first

order in i/> and £, the solution of the problem requires the
specification of one initial/boundary condition in the ^ direc-
tion, and one boundary condition in the f direction. Note that
while £ is a spatial coordinate, if/ can be interpreted as either
a temporal coordinate (as would be the case for time-stepping
schemes), or as a spatial coordinate (as in the present case)
when incorporating a relaxation methodology.

The relaxation method specifies that the trailed vortex ele-
ments be attached to the blades (or, more strictly, the near
wake) as an "initial-boundary" condition in the f direction
for each i/f, whereas wake periodicity is enforced as the bound-
ary condition in the i/> direction (see Fig. 2). The solution is
stepped in the £ direction in an iterative manner and conver-
gence is obtained once the wake geometry no longer distorts
between successive iterations. Mathematically, the boundary
and initial conditions may be stated as follows:

Boundary conditions

r(i/f, £) = r(if/ + 2?r, £)

Initial-boundary conditions (£ = 0)

r(ifj, 0) = rr[cos()8())cos(^)cos(Q;5) + sin(j80)sin(a,.)]i

- r7l[sin(j80)cos(a5)

(8)

(9)

In addition to the boundary and initial conditions, an initial
prescribed wake geometry is used to start the free-wake cal-
culations. In its simplest form, this can be an undistorted wake
as given by

- /?{A,[-cos(a,)cos(i/> - £)sin(&>) + sin(av)cos(/30)]

(rl,[sin(ft))cos(aj)

cos(|3o)cos(</r - £)sin(as)]

JR{A/[sin(a,)cos((A - £)sin(

For relaxation methods, the initial prescribed wake is used
only to set up an approximate initial induced velocity field.
In practice, it has been found that because wake convergence
is so rapid with the present scheme the convergence rate and
final solution is insensitive to these initial conditions.

(7)

Convergence Criterion
It is necessary to impose a convergence criterion on the

relaxation scheme. In the present work, this has been based
on a measure of the L2 norm of the change in the tip vortex
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geometry locations between two successive wake iterations.
Convergence is reached after the L2 norm (rms) drops below
a certain prescribed threshold between two successive wake
iterations. In practice, this change must fall to an order of
~10~4 to ensure that the wake has fully converged. It is known
through numerical experimentation that the wake exhibits no
appreciable change in wake geometry once this condition has
been satisfied.

Vortex Model
The crux of determining the induced effects of the wake

on the rotor blades, as well as the mutually induced inter-
actions between vortex filaments in the rotor wake, depends
on the vortex model and evaluation of the Biot-Savart in-
tegral. The source terms on the RHS of Eq. (1) are comprised
of the steady freestream velocity component and the total
induced influence of all the vortices in the wake. If a potential
model is assumed for the free vortices, then the induced ve-
locity due to a vortex element becomes singular when the
point of evaluation approaches the vortex axis. Obviously,
this will result in a nonphysical solution for the wake geometry
and may also result in numerical problems. This can be al-
leviated by using a viscous vortex model with a finite core
radius. The source terms of Eq. (1) can be rewritten as

tionship between the filament strain and the change in the
local core size:

(11)

where rc is the instantaneous vortex core radius and h is the
perpendicular distance of the evaluation point r(t/>, f) from
the yth influencing vortex element located at r(i/^, f) and of
orientation df,.

In the present analysis, the vortex core radius is allowed to
vary as a function of wake age (or time) in a manner consistent
with the decay of a laminar Lamb-Oseen vortex,24-5 and can
be represented using

(12)

The factor 8 is an "eddy" or turbulent viscosity coefficient,
which must be selected empirically. For a laminar vortex, 8
has a value of unity, yet with this value the diffusion of the
tip vortex is unrealistically slow. Various researchers have
shown that it is possible to allow for an eddy viscosity, which
is essentially due to the degree of turbulence in the flow, and
adjusting the value of 8 by comparisons of calculation with
experiment.24^26 Note according to Eq. (12) the ideal tip vor-
tex starts with a zero-core radius, which grows parabolically
with age, and therefore, no assumptions need be made with
regard to a starting core radius. In practice, however, the
physical rollup of a rotor tip vortex is quite complicated,
involving flow separation, and produces a vortex that is al-
ready in some stage of decay. Equation (12) can accordingly
be modified to represent a variety of initial core radii and
growth rates.

In addition to the physics of diffusion, the possibility of
vorticity intensification due to straining of the vortex filaments
must be considered. In some locations, particularly in regions
where the tip vortex filaments rollup into bundles, consid-
erable straining is possible. While an exact treatment of this
problem is obviously impractical within the scope of the pres-
ent model, a representation of the basic effect can be made
using a simpler approach. If the vorticity is assumed to lie
entirely within the core rr, then the application of conservation
of mass and angular momentum leads to the following rela-

/v = r,{V[//(l + A/)] - 1} (13)

In practice, however, it has been found that this effect tends
to have a small influence on the overall structure of the wake,
which is dominated more by viscous diffusion.

Results and Discussion
Convergence Analysis

The free-wake problem is governed by the highly nonlinear,
unsteady source terms comprising the self- and mutually in-
duced velocities due to the free-tip vortices in the flow. These
induced velocities cause the tip vortices to interact with each
other and convect to force-free equilibrium positions in the
rotor wake. Furthermore, these self- and mutual-interactions
also result in the trailed vortices acquiring a highly distorted
structure relative to the skewed helical wake given by Eq.
(10). The following discussion deals with the numerical be-
havior of two explicit relaxation solution methodologies as
previously introduced in Eq. (3) and Eqs. (6) and (7).

It is advantageous to first introduce the standard delta form
of representing finite difference equations. In terms of spatial
and temporal discretizations, the generalized delta form of a
finite difference equation can be written as

+ Lrlk = S (14)

where Ar?* = r)'/1 - r"k is the nth iteration correction, and
the operator P represents the iteration (relaxation) method
and is, therefore, scheme dependent. The L operator, on the
other hand, represents the spatial discretization of the prob-
lem and is common to both the schemes being considered.
The RHS vector S represents the source terms, which for the
present problem is comprised of the steady freestream velocity
as well as the unsteady, nonlinear self-, and mutually induced
velocities due to the tip vortices in the wake. Other physical
effects such as the distortion to the flowfield made by an
airframe may also be included into the source terms, if re-
quired.

The L operator for the present spatial discretization can be
written in terms of shift operators E (see Appendix A) in the
following forms:

Nonuniform mesh

L =

Uniform mesh

L =

(15)

(16)

whereas the P operator for the two methods can be written
as follows.

Fully Explicit Scheme [Eq. (3)]
Nonuniform mesh

P =

Uniform mesh

P =

(17)

(18)

Pseudoimplicit Scheme [Eq. (6) or (7)]
Nonuniform mesh

P =

(19)
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Uniform mesh 10° i

P = (20)

Using the previous P and L operators, the standard delta
form can be rewritten in matrix notation as

{Ar"J = [P]-i[-[L]M - {be} + {S}] (21)

Note that while the P and L operators are dissimilar for the
explicit method [Eq. (3)], for the pseudoimplicit method [Eq.
(6) or (7)], both of the operators are identical. For the two
schemes, therefore, Eq. (21) can be simplified into the fol-
lowing:

Explicit

{Ar«}= -[ - S} (22)

Pseudoimplicit

{Ar"| = -[/]{/"•} - [P]-l{bc - S} (23)

where [/] is the identity matrix and be is the (time invariant)
boundary condition vector in the £ direction.

Note that in the absence of induced velocity contributions
from the rotor-tip vortices, (i.e., space and time-invariant
source terms S = constant), Eq. (23) shows that the pseu-
doimplicit method will converge to the exact solution (undis-
torted, skewed helix, or epicycloidal wake) as given by Eq.
(10) in one iteration (see Appendix B). Equation (10) is the
exact analytical solution of Eq. (1) with boundary and initial
conditions given by Eqs. (8) and (9), respectively, with the
source terms on the RHS of Eq. (1) replaced by a uniform
or time invariant velocity vector composed of only longitu-
dinal and vertical velocity components, i.e.,

V = VJ + (24)

With the source terms set to zero, the pseudoimplicit pre-
dictor-corrector scheme gives an rms difference of less than
10 ~7 between the initial wake and that obtained after one
iteration. On the other hand, the single-step explicit method
converges to the same analytical solution, but only after nu-
merous iterations, since [P~1L] + [/]. In fact, with the ex-
plicit scheme, as many iterations as wake collocation points
are usually required for a converged solution because infor-
mation is propagated through the computational domain only
one point at a time. Of course, this undistorted wake geometry
is physically unrealistic since in reality the mutual interactions
between the rotor tip vortices are by no means negligible.
Nevertheless, the geometry represented by Eq. (10) lays the
foundation for simpler "prescribed wake models" that use
semiempirical distortion functions to create a more realistic
wake geometry and account for these mutual interactional
effects.

The evolution of the wake will now be shown using both
methods, but with active source terms. In general, the single-
step explicit method exhibits very slow convergence charac-
teristics. It is also interesting to note the periodicity of the
oscillations in the convergence trend of the single-step explicit
method. Since information is propagated to the next wake
collocation point only after the upstream regions have locally
converged, the wake experiences a perturbation every nine
iterations. (Note, for a four-bladed rotor, the angle between
the blades is 90 deg. For a discretization resolution of 10 deg
this results in a blade passage perturbation every 90/10 deg
or nine iterations.) Although this explicit scheme will ulti-
mately converge to a unique solution, it obviously will take
many iterations. On the other hand, for the pseudoimplicit,
two-step predictor-corrector scheme, the "implicitness" of
the position vectors on the RHS of the equations results in

CD

O

C/)

1 1Q-4

rc = 25% chord, 8 = 1.0 104, |i = 0.2, CT = 0.008
Two turns of far wake

A\|/= 10° = A£

Convergence threshold -Pseudo-implicit
Single-step explicit

—'—i —'—i—'—i—'—i"1—i—'—i—'—i—'—i—'—i—'—i—'—r"1—i—^~
1 3 5 7 9 1 1 1 3 1 5 1 7 1 9 2 1 2 3 2 5 2 7 2 9

Wake iteration No.
Fig. 3 Convergence histories for the pseudoimplicit and single-step
explicit methods.

Fig. 4 Isometric views of converged wake geometries, p = 0.23, Ai/f
= A£ = 10 deg and two turns of far wake: a) inactive and b) active
source terms.

information being propagated throughout the flowfield at every
iteration. These trends are also reflected in the convergence
histories of the two methods shown in Fig. 3, which are for
equal temporal/spatial step sizes. Note, however, that since
a two-step predictor-corrector scheme involves two induced
velocity calculations per iteration as compared to a single-
step method, the computational expense of n iterations of the
two-step predictor-corrector method is roughly equivalent to
the computational cost of n/2 iterations of the simple single-
step method. While the use of some form of numerical damp-
ing for the geometry update can be used to help alleviate the
oscillations in convergence, this results in even slower con-
vergence trends. The pseudoimplicit predictor-corrector scheme
on the other hand, shows monotonic convergence since every
point in the computational domain is updated at each itera-
tion.

A comparison between the undistorted wake geometry with
the converged wake geometry obtained with source terms
active is shown in an isometric view in Fig. 4. Note that with
the source terms active, the edges of the wake rollup and form
vortex bundles due to the strong mutual interaction between
individual vortex filaments in these locations. This pairing of
the tip vortices is the physically correct behavior as shown,
e.g., in the experiments of Larin,1 Miiller,27 and Heyson.28

Effect of Time-Step
One motivation for the present work was the need to have

a computationally efficient, high-resolution wake algorithm
for rotor/airframe interaction analysis and rotor acoustics.
Explicit-type free-wake models exhibit numerical problems
with small time-steps, and obviously cannot be used for such
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Fig. 5 Convergence characteristics of free-wake for high resolution
temporal and spatial discretizations, /* = 0.2, CT = 0.008.

8 = 1.0 104, fi = 0.
Two turns of far wake
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Fig. 6 Convergence characteristics of free-wake for unequal temporal
and spatial discretizations, JJL = 0.2, CT = 0.008.

problems. For acoustic work, a temporal step of the order of
1 deg of azimuth is necessary, and this is where the use of
algorithms such as the present scheme prove beneficial.

The pseudoimplicit free-wake algorithm has been run for
10-, 5-, and 2i-deg azimuth steps, and the convergence char-
acteristics are compared in Fig. 5. Note that with the higher
resolution, the convergence with the present method takes
place at a marginally slower rate, but is still fairly rapid. As
discussed previously, the explicit method on the other hand,
exhibits extremely poor convergence characteristics, often with
many regular perturbations in the convergence histories.

It should also be realized that the computational effort
required for higher resolution cases is significantly greater
than for coarser discretizations. In fact, the CPU time in-
creases approximately with the square of the number of grid
points. The number of grid points depends on the length of
the vortex filaments, the number of segments per filament,
and the angular resolution in the azimuthal direction. If fmax
represents the length of a vortex filament in radians, then the
set of collocation points on the y'th filament has

*„,„„ = (25)

number of points, and so for an angular resolution ymax = 2vr/
A(/>, the total number of collocation points in the rotor flow-
field is ymax x /cmax. It is apparent that for the resolution
necessary for acoustic predictions, tens of thousands of grid
points are required.

Unequal Step Size
Obviously, the large number of velocity field evaluations

associated with a high-resolution wake grid makes the com-
putational time a major issue. However, note that the dis-
cretization of the computational domain in the ifj and £ di-
rections needs not be equal [see Eqs. (3), (4), (6), or (7)].
This feature can permit the use of a refined rotor azimuthal
mesh without the added computational expense of a highly
detailed wake grid. Alternatively, a detailed wake grid can
be used with a less refined azimuth mesh. These features of
the algorithm can be useful in several practical applications.
For example, the former approach (small Aif/ and larger Af)
is potentially useful for some situations in rotor acoustic work
where the induced velocity in the plane of the rotor is critical,
but can be obtained with a coarser approximation to the wake
geometry in the far field. On the other hand, the latter ap-
proach (larger A*// and small A£) is useful in rotor/airframe
interaction analyses where the accuracy in the wake geometry
downstream, behind, and below the rotor is more important,
and where the local fidelity of the blade loads can be sacrificed
somewhat.

In addition to the foregoing, the ability to potentially invoke
different steps in the ifj and £ directions can be used to ad-
vantage in accelerating the overall wake convergence for a

given fidelity, thereby minimizing computational require-
ments. This can be done by using larger f steps in the initial
wake iterations, and progressively refining the wake as con-
vergence begins. Since a substantial part of the overall CPU
time is associated with repetitive evaluations of the Biot-
Savart integral to find the induced velocity field, major gains
in computational efficiency can be obtained by reducing the
number of evaluations.

Figure 6 shows the convergence characteristics of the al-
gorithm obtained for unequal temporal and spatial discreti-
zation, i.e., different values of Ai/> and Af. It is important to
note that the free-wake convergence characteristics remain
essentially unchanged and are not compromised by such a
scheme. The physical accuracy of the results is, however,
compromised to some degree, since for unequal step sizes,
information is no longer directly shifted along the character-
istic lines that can be defined for the (hyperbolic) free-wake
equation [Eq. (1)]. It can be rigorously shown that the scheme
reduces to second-order accuracy for unequal step sizes, whereas
discretization errors —» 0 when At// = A£.

Comparison with Experiment
It has been previously mentioned that the selection of a tip

vortex model (initial core size and viscous diffusion) influ-
ences both the rotor airloads and the wake rollup itself. The
selection of a physically realistic vortex model is necessary to
ensure that for young vortices that lie in the plane of the rotor
and are responsible for blade vortex interactions (BVI) (with
the associated high local airloads and impulsive noise gen-
eration), the tip vortex viscous core sizes and velocity profiles
are physically realistic. Furthermore, since rotor performance
and flowfield-induced velocity distributions are governed en-
tirely by the position, strengths, and velocity profile of the
tip vortices, the physical accuracy of the numerical scheme
must be validated by comparison with experimentally ob-
tained wake geometries.

It is known from experiments that older tip vortices diffuse
somewhat, but with a time scale that is relatively long com-
pared to the number of rotor revolutions. In some free-wake
models, particularly those based on explicit schemes, the tip
vortex "core radius1' is often artificially large and is used to
control or suppress numerical instabilities associated with close
interactions between adjacent wake filaments, i.e., to force
convergence. The physical accuracy of the predicted wake
geometries is, however, the paramount issue at hand, and is
not necessarily guaranteed by numerical convergence. To this
effect, while it is still acceptable that in the "far" wake the
tip vortex core radii may be larger than physical to alleviate
some numerical problems inherent with some free-wake models,
it is still imperative to ensure that a physical solution for the
resulting wake be obtained.

Bearing these issues in mind, predicted wake geometry re-
sults using the present scheme have been compared with ex-
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perimental measurements in order to establish the sensitivity
of the numerical scheme to factors such as initial vortex core
radii and diffusion rates (effective eddy viscosity). However,
complete validation studies are difficult to conduct due to the
lack of a consistent set of quantitative experimental data.
Many experiments are incomplete, in that wake visualization
data is available, but without simultaneous measurements of
rotor thrust or trim state, therefore, severely limiting the scope
of any study. While a considerable amount of flow visuali-
zation data are available for hovering flight conditions (e.g.,
Refs. 29-34), experimental data on the wake structure in
forward flight are much rarer. References 8 and 35 provide
some useful data, albeit in water tunnels, while Miiller27 has
obtained a useful amount of data using smoke flow, but at
subscale Mach numbers and for only one test condition.

Rotor wake visualization experiments have also been con-
ducted under forward-flight conditions in Ref. 36 using the
wide-field shadowgraph method. The rotor used was a four-
bladed fully articulated rotor operating at close to full-scale
tip Mach numbers. While an extensive validation study with
all these data are beyond the scope of this article, some brief
comparisons are discussed next.

The solution of the free-wake problem gives the aerody-
namic velocity environment at the blade, and, therefore, the
blade and rotor forces can be obtained by integration. How-
ever, a helicopter rotor is also a dynamic system with some
form of articulation allowing flapping, lead-lag, and feath-
ering (pitch) degrees of freedom. To make the computed
results physically meaningful the rotor blades must be allowed
to flap under the action of the aerodynamic forces and mo-
ments on each blade so that the rotor reaches an equilibrium
position. This equilibrium also depends on the geometric and
inertial characteristics of the rotor blades, but can be trimmed
to obtain the required combination of rotor thrust and tip
path plane angle of attack by the action of control inputs in
the form of collective and cyclic pitch. The rotor trim routine
was called at every iteration to ensure that the final solution
for the wake geometry was fully compatible with the specified
trim state. For the results computed in this article, the trim
state was specified so that the rotor tip-path-plane (TPP) re-
mained perpendicular to the rotor shaft.

Figure 7 shows measurements of the wake displacements
at the longitudinal centerline of the upwind edge of the rotor
in low-speed forward flight. For these conditions, there are
significant changes to the wake geometry with small changes
in rotor thrust or advance ratio, and so these cases provide a
good general test of the capabilities of the free-wake model.
Figure 7 clearly shows that the tip vortices generated at the
upwind leading edge of the rotor disk move downstream, but
are also convected over the top of the following blades. This
result has been experimentally observed by Lehman,7 Land-
grebe et al.,37 and others. At the longitudinal centerline, the
largest vertical wake displacement above the TPP occurred
at 90-deg of wake age, corresponding to the first blade passage
below the vortex filament. For progressively greater wake
ages, the wake is convected further downstream and down-
wards through the TPP. Despite the complexity of this pro-
cess, the predictions are in good agreement with the mea-
surements.

At the downwind edge of the disk, it can be seen from Fig.
8 that the vertical wake displacements were only very slightly
affected by changes in advance ratio, i.e., the slopes (time
rate of change of displacement or vertical velocity) were es-
sentially constant. On the other hand, the effects of advance
ratio on the streamwise displacements is more pronounced as
might be expected, since in the absence of induced effects the
streamwise convection is effectively proportional to advance
ratio. Although it is difficult to see in Fig. 8, there is a small
increment to the axial convection velocity of the rear wake
at each subsequent blade passage with the introduction of a
new tip vortex. Again, the agreement of the model with the
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measurements is quite good. Comparisons of the predicted
wake geometry with smoke flow visualization data obtained
by Miiller27 are shown in Ref. 23.

The choice of 8 is also an important factor in obtaining a
physically realistic rotor wake solution. Figure 9 shows the
effects of 8 on the convergence trends of the numerical scheme,
starting with an initial core radius of 25% chord. Physically,
the tip vortex diffuses relatively slowly, but based on the
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results there might be a tendency to allow the core radius to
grow at a greater rate. The problem is to ensure that this
growth does not allow a nonphysical wake geometry to result.
By using a very high decay rate (8 = 108), the wake geometry
can be forced to relax to a converged solution within five
iterations. However, the wake geometry corresponding to this
decay rate does not capture the distortion and rollup of the
wake as observed experimentally (e.g., Ref. 21).

It is also interesting to note that the effect of increasing 8
is equivalent to reducing the mutual influence between the
wake vortices, (i.e., reducing the influence of the source terms)

and as 8 —> oo the predicted wake geometry approaches the
undistorted wake given by Eq. (10). The use of a very small
value of 6, on the other hand, results in very strong mutual
interference effects between the tip vortices, producing a highly
distorted wake structure. In this case, comparison with ex-
perimental data suggests an overprediction of the wake dis-
tortion. Figure 10 shows the tip vortices trailed from a rotor
blade at tyh = 0 deg for a four-bladed rotor, for three values
of 5, and serves to illustrate the sensitivity of the converged
wake geometry to the decay rate. Clearly, the choice of the
eddy viscosity coefficient is critical to the prediction of the
wake geometry.

Summary and Conclusions
A new free-wake model has been developed to predict the

tip vortex structure and flowfield velocities in a rotor wake.
The model is based on a pseudoimplicit formulation with five-
point central differencing in space, and is implemented as a
two-step predictor- corrector relaxation scheme. A numerical
analysis has been conducted to examine the convergence char-
acteristics of the method and its suitability for general appli-
cation to aerodynamic problems involving rotors. The ro-
bustness of the scheme has been demonstrated for a wide
range of flight conditions. A brief comparison with experi-
mental measurements of rotor wake geometries in forward
flight showed good agreement, although further validation
studies must still be performed.

Since the present method is implemented as a predictor-
corrector scheme, it requires about twice the computational
effort per iteration compared to single-step explicit methods.
However, it has been shown that this new scheme is much
more robust and much less susceptible to numerical instabil-
ities than more typical explicit- type free-wake methods. Fur-
thermore, the method has demonstrated very fast conver-
gence for relatively small spatial/temporal discretizations of
the wake, a feature that is essential for rotor acoustic pre-
dictions. The generalized discretization scheme used here also
permits the use of unequal time and space step increments
that may be useful in several other practical applications of
the wake model.

Appendix A: Shift Operator
The shift operator E can be viewed as a notational form of

representing the change of the index of a variable. For ex-
ample,

- \rn =
£ ' j,fc ~

Using this notational form, it is convenient to rewrite the
standard delta form as a matrix equation as in Eq. (21).

Appendix B: Exact Solution in One Iteration
Recall that Ar" = rn + l — r". Substituting this definition

into Eq. (21), we have for the pseudoimplicit method

which reduces to

= -[P]-l{bc + S}

similarly,

{r"+2} = -[ + S}

(B2)

(B3)

Hence, {r" + l} is not an explicit function of {r"|, but is depen-
dent only upon the P operator, the boundary conditions be,
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and the constant source terms S. For the previous method,
P is defined by Eq. (20) for the pseudoimplicit method. Note
that the previous one-iteration solution is a consequence of
the iteration scheme used, as reflected by the P operator.
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